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Abstract 

(N- 

*We investigate the appearance of arbitrary, regularization dependent parameters introduced by diver- 

-gent integrals in two a priori finite but superficially divergent amplitudes: the Higgs decay into two 
^ .photons and the two photon scattering. We use a general parametrization of ultraviolet divergences 
^ iwhich explicitates such ambiguities. Thus we separate in a consistent way using Implicit Regularization 

the divergent, finite and regularization dependent parts of the amplitudes which in turn are written 
' c-i ' as surface terms. We find that, although finite, these amplitudes are ambiguous before the imposition 
^T* -of physical conditions namely momentum routing invariance in the loops of Feynman diagrams. In 
^-ithe examples we study momentum routing invariance turns out to be equivalent to gauge invariance. 
r-| iWe also discuss the results obtained by different regularizations and show how they can be reproduced 

jwithin our framework allowing for a clear view on the origin of regularization ambiguities. 
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1. Introduction 

On the last 4th July a new boson was an- 
nounced using its decay into two photon as one 
of the main channels of discovery 0, 3- The 
immediate question that arose was whether this 
new boson corresponds to the one predicted by 
the Standard Model (Higgs boson) or not. To 
help answering this question theoretical predici- 
tions (loop corrections) on such decays must be 
set on consistent grounds. 

Some time ago the W loop calculation of the 
Higgs decay into two photons was performed in 
the unitary gauge and the result obtained [§] con- 
tradicted previous ones found in the literature 0- 
. The reason pointed by the authors was the use 



of Dimensional Regularization. Soon after many 
authors performed calculations in the framework 
of Dimensional Regularization [t| , lattice jsj and 
Loop Regularization (§]. In all cases the old re- 
sults were recovered shedding many doubts on the 
statements presented on |3| . Other authors used 
Cut-off Regularization 1C|, obtaining the same 
result of [3| thus concluding that such regulariza- 
tion is unpredictive if one works on the unitary 
gauge. Other works were devoted to the discus- 
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sion of the decoupling theorem [12| , Il3| question- 
ing the reliability of the predictions made on [ij]. 

Contemporary to Gastmans et al. work, an- 
other paper questioned an old-stabilished result 
in the literature: the cross section of the two 
photon scattering [14]. Once again, doubts were 
raised against the use of regularization. A work 



followed in which this issue was explained [15 



in 



the framework of Dimensional Regularization and 
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The aim of the present work is to revise these 
two calculations with the purpose of illustrating 
that a priori undefined quantum corrections in 
Feynman diagram calculations, which entail reg- 
ularization scheme dependence, are the common 
denominator of such discussion. Such arbitrari- 
nesses must not be mistaken by finite parameters 
related to the freedom of defining renormalization 
constants to be fixed by renormalization condi- 
tions (i.e. the choice a renormalization point). 
We propose a general parametrization valid at 
arbitrary loop order to handle such ambiguities 
which acts on the physical dimension of the the- 
ory thus being particularly useful to dimensional 
specific models. Moreover an alternative exhibi- 
tion of such arbitrariness in terms of arbitrary n- 
loop integrals is proposed. In this context such 
arbitrariness are expressed by differences between 
divergent loop integrals with the same degree of 
divergence and independent of external momenta 
with the purpose of bringing about its physical in- 
terpretation namely their relation to momentum 
routing invariance (MRI) in an arbitrary Feyn- 
man diagram. Some regularizations may break 
MRI, an inevitable consequence of energy-momen- 
tum consertation at the vertices of Feynman di- 
agrams. The striking connection between mo- 
mentum routing invariance and preservation of 
gauge symmetry was realized longago by t' Hooft 
and Veltman [1811. b v Jackiw in [l9| as well as by 



Elias et al. in 20 . In 211 some of us estab- 



lished the interplay between the vanishing of such 
arbitrary parameters expressed by surface terms 
and Abelian gauge invariance in the framework 
of Implicit Regular izat ion (IReg) . In this four- 
dimensional method, regularization dependent 
terms (surface terms) can be extracted out in a 
consistent way allowing a clear discussion of the 
ambiguities involved in the manipulation of diver- 
gent integrals. Such scheme may be generalized 
to arbitrary (integer) dimensions and to arbitrary 
loop order in perturbation theory complying with 
Lorentz invariance and unitarity as dictated by 
the local Bogoliubov's i?-operation based on the 



BPHZ theorem |22U26j] . Therefore, instead of just 



adding the result of a different method to the lit- 
erature we intend to show that the discussions 
presented in can all be explained using just 

one framework. 

The paper is organised as follows: in section 
[2] we discuss some regularization-dependent inte- 
grals and present our parametrizations. Section [3] 
is dedicated to the calculation of the Higgs decay 
into two photons in the unitary gauge. In section 
H] we discuss the result of two photon scattering 
in the framework of IReg. Finally, section [5] is 
devoted to our concluding remarks. 

2. A general view of regularization depen- 
dent integrals 

In this section we discuss on general grounds 
the issue of regularization dependent integrals leav- 
ing the physical calculations of the Higgs decay 
as well as of the two photon scattering to sub- 
sequent sections. Proceeding this way we hope 
to set the subject, both from a conceptual and 
technical point of view, in a consistent and self- 
contained way allowing a clearer discussion of the 
examples just cited. 

As is well known Quantum Field Theoretical 
Feynman diagram calculations involve integration 
in the momentum loops which must be regular- 
ized due to ultraviolet and sometimes infrared di- 
vergences. The renormalization program consis- 
tently redefines physical degrees of freedom order 
by order in perturbation theory. Symmetry re- 
quirements may either be ensured by an invariant 
regularization or imposed as constraint equations 
as dictated by Ward- Slavnov- Taylor identities or- 
der by order in the loops. Yet a little calcula- 
tional tedious, the latter procedure is perfectly 
sound for both anomaly free theories and models 
in which the quantum symmetry breaking mech- 
anism is well known. 

A plethora of regularization schemes have been 
constructed to be used where gauge invariant Di- 
mensional Regularization may fail, namely in the 
so called dimensional specific theories among which 
supersymmetric, chiral and topological quantum 
field theories figure in. A natural question would 
be which basic properties should a method that 
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does not recourse to analytical continuation in the 
space-time dimension should retain in order to be 
invariant. We start by illustrating with simple 
examples following 27]. Let A be the superficial 
degree of divergence of a n loop integral where 
the momentum k n runs. Consider the following 
1-loop A = 2 integrals, 



A 



k 2 



and 



B 



(k 2 — m 2 ) 2 ' 



2\ i 2 t I 2^ 



(2) 



Lquad{m ) + m ii og [m 

where f k = J d 4 k/(2ir) 4 and we recover the stan- 
dard notation in Implicit Regularization 



Hog 



> 2 ) 



and 



k (k 2 — m 2 ) 2 
1 



' quad 



m 



(3) 



(4) 



<k (k 2 -m 2 )' 
We expect A = B be guaranteed by any regular- 
ization procedure. However this is not the case. 
Proper-time regularization j28[ for instance, in- 
troduces a cut-off A after Wick rotation via the 
following identity at the level of propagators 



Tin) 



(k 2 + m 



2\n 



d TT n-l e -r(k 2 +m 2 ) 



dTT n - l e- T{kHm2 \ 



(5) 



l/A 2 



Thus it is trivial to obtain within the proper-time 
method that A ^ B since 



A, 



-2i 



(A 2 -m 2 lnA 2 /m 2 



whereas 



(An)' 



: (A 2 - 2m 2 lnA 2 /m 2 ). 



(6) 



(7) 



On the other hand it is straightforward to show 
that standard Dimensional Regularization leads 
to A = B. To circumvent such discrepancy the 
authors of j2?| define a n-dimensional integral 



(ak 2 + /3m 2 ) 



for a and arbitrary in order to write 
d 



a=/3=l,n=4: 



(9) 



and 

B = I(a,(3) 



a=/3=l,n=4 Op 



a=/3=l.n=4 

(10) 

Then resorting to proper time regularization one 

gets 



J(«,/3) A = a-"/ 2 



-a n ' 2 i 



(4vr) 2 

from which is obtained 



k (k 2 -Pm 2 ) 

(A 2 - f3m 2 ln(A 2 /m 2 )), (11) 



A', 



(47T) 
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n 



m 2 ln(A 2 /m 2 



and 



B\ 



(4tt) 



A 2 -2m 2 ln(A 2 /m 2 ) 



(12) 



(13) 



Whilst keeping n = 4 violates A = B, the choices 
n = 4 in the term ex In A 2 and n = 2 in the term ex 
A 2 lead A to coincide with B at regularized level. 
Yet arbitrary the authors consider such prescrip- 
tion, which is generalizable to other integrals in 
Feynman amplitudes, a concrete realization for a 
four dimensional regularization. They claim that 
Veltman in 29] already notices that quadratic di- 
vergences are associated with n = 2 whereas loga- 
rithmic divergences have to be treated in n = 4 in 
Dimensional Regularization. Other authors have 
used a similar approach 3CH32 . 

Let us now consider another related exam- 
ple. Consider the effect of a shift in the integra- 
tion variable in a four dimensional integral. As 
well known such shifts accompany surface terms 
in more than logarithmically divergent integrals. 
Their value is highly regularization dependent. 
For instance take the difference between two lin- 
early divergent integrals for u> = 2 



Ai 



2w 



[(k — p) 2 — m 2 ] 2 



2u 



[k 2 



rn 



212 



(14) 



Clearly Ai = in Dimensional Regularization be- 
cause no surface terms accompany shifts in the 
integration variable. In 20] the authors general- 
ize the procedure adopted by Jauch and Rohrlich 
in to evaluate Ai for to exactly equal to 2. 
Their purpose was founded on the physical moti- 
vation of constructing four Dimensional Regular- 
izations with properties compatible with Dimen- 
sional Regularization. By defining 



and 



j2n+l,r 
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/il.../X2n+l 



2u.' 



n 2n+l , 
11, =1 K Hj 



k [(k - p) 2 - m 2 \ r 
2 " Y[%X\k + P ) N 
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[k 2 — m 2 ] 
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201 1 is shown that whilst I = J for 2u + 2n + 



1 - 2r < 1, if 2 > 2u + 2n + 1 - 2r > 1 then 

-t(27t)^G nM+1 (p) . 



r2n+l,r r2n+l,r 

Ml---A 1 2n + l Ml---A 1 2n + l 



rM 



(17) 



with 

(p) 

and 



n 2n + l 

T(u)- 1 T(uj + n+ l)n\2 



2n 



cr Jl---j2u+l _ g. 

For n = we immediately obtain 

-m 2 (2^ 4 



C jl---J2n + 1 / 



sign(e) 
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(19) 
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A similar expression may be obtained for more 
than linearly divergent variable shifted integrals. 
It is immediate from above that the kronecker 
delta signs a discontinuity in the dimensionality 
uj. The authors use these results to back up an 
integer dimensional regularization called Preregu- 
larization where the freedom of momentum rout- 
ing in the loops is chosen to cancel out some sur- 
face terms in order to preserve Ward identities 
in chiral anomalies or supersymmetry 34-36[. A 
relevant question, given that shifts of integration 
variables are regularization dependent, would be 
to verify whether the argument could be turned 



the other way around, namely to exploit the con- 
sequences of momentum routing invariance over 
regularization schemes. Some technicalities de- 
serve attention. Symmetric integration in n (in- 
teger) dimensions, namely k^k u — > g^ u k 2 /n under 
integration in k for divergent integrals does not 
hold in general and has been a source of disagree- 
ments in loop calculations as well discussed in [37 
in the context of CPT violation in quantum field 
theory and used in [3| to study Higgs' s decay in 
two photons. In particular symmetric integration 
was used in 
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to evaluate Aj. 
We proceed to write down a general param- 
etrization for loop integrals which incorporates 
explicitly arbitrary constants which will be fixed 
on physical grounds. Later on we propose an al- 
ternative description of ultraviolet (and infrared) 
divergences in terms of basic divergent integrals. 
In such description undetermined-regularization- 
dependent constants are expressed in terms of a 
special set of well known surface terms, namely in- 
tegrals of quadridivergencies in momentum space, 
whose contact with momentum routing invariance 
in the diagrams is immediate as well is their gen- 
eralization to arbitrary loop order. In order to 
isolate the basic loop integrals from Feynman am- 
plitudes, an identity at the level of the integrand, 

1 = y, (-l)V + 2 P -fc)J 

[(k + p) 2 - m 2 } ~ (k 2 - m 2 y+ l 



+ 



(-!)*+ V + 2p-k) N+1 
ik 2 -m 2 ) N + l [(k + p) 2 -m 2 } ' 

(21) 



can be judiciously used to extract external mo- 
mentum dependence from loop integrals. Such 
operation at the level of integrands somewhat re- 
sembles the renormalization procedure originally 
proposed by Bogoliubov, Parasiuk, Hepp and Zim- 
mermann (BPHZ) [22-25] in which divergent Green 
functions are Taylor expanded up to the order 
needed to reach convergent integrals. We assume 
an implicit regulator under the integration sign 
which acts on the physical dimension of the un- 
derlying theory avoiding conflicts with space-time 
and internal algebras sensitive to dimensional con- 
tinuation. Consider the derivative of L 



log 



m 
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d (integer) space-time dimensions, 



dI log (m 2 ) 
dm 2 



dm 2 

where for future reference 



d m 2 



■_\d/2 



(4^)^/2 r(d/2) ' 



(22) 
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A general parametrization which obeys the rela- 
tions above is given by 



Iio 9 (m 2 ) = ^ In 



A 2 



77r 



O 2 ) 



d 



b d \n[^—)+ a[ 



(24) 



where a%, a[ are arbitrary dimensionless regular- 
ization dependent constants and A is an ultravio- 
let cut-off and 



O 2 ) 



In a similar fashion 

dm 2 
dm 2 



k (k 2 — m 2 ) 3 
(d-2), , 



(25) 



Hog 



m 



log 1 



m 



(26) 



where the expression for I^adi 171 " 2 ) * s now c l ear > 
namely a basic quadratically divergent integral 
containing two loop momenta with Lorentz in- 
dices [i and v. Again, a parametrization that 
complies with the relations above is 



Lquad 



(m 2 ) 



(d-2) 



a 2 A 2 + b d m 2 In ( Ar^) + a 3 m 2 



■m- 



^1/ 



a 2 A 2 + 6d"i 2 In 



A 2 



+ a^m 2 



(27) 



in which all regularization dependence is encoded 
in the en's. Some comments are in order. It is 
economical and neat to write basic divergent in- 



tegrals in terms of {/; 



log 



m 



Iquadim 2 ) ...} with- 



out Lorentz indices in internal momenta, that is 



to say expressing 1,1^ (m 2 ) and I 



[IV 



log\" b I cAj-iu. -i g Uad \ 

i og \m 2 ) and I qua d(m 2 ) respectively both 



_ /;/ ). etc. in 

terms of I, 

without recoursing to symmetric integration and 
in a regularization independent way through sur- 
face terms. For instance it is straightforward to 
show that 



1 = 



d Q 



m 2 ) 2 



d 



-jIlog{m ) 



(28) 



and 



1 2 = 



d Q 



(d-2) 
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fJbV 



(d-2) 



Iquad(m 2 ) 



(29) 



The surface terms T's are regularization de- 
pendent terms which however can be shown to be 
physical meaningful and therefore be fixed. That 
is because although the intrinsic (regularization 
dependent) parameters in loop integrals are in- 
deed ambiguous, the well adjusted relation be- 
tween them expressed by the T's are not. In other 
words in the process of reducing the set of loop in- 
tegrals to basic divergent integrals it can be shown 
that the vanishing of surface terms expressed by 
the T's reflects momentum routing invariance in 
the loops of a Feynman diagram 2l|, |38|. At- 



tributing spurious values to such surface terms is 
the root of quantum symmetry breakings by reg- 
ularizations. Once we attach a physical meaning 
to them, as it is proposed in the Implicit Reg- 
ularization program we may regularize infinities 
in a regularization independent fashion because 
the renormalization constants can be defined in 
terms of basic divergent integrals themselves. To 
see that they are regularization dependent we can 
use the parametrizations (|24p and (|2"7|) to obtain 



at 



17- 



(30) 



and 



Tf oc g^[(a 2 - a' 2 )A 2 + (a 3 - a' 3 )m 2 }. (31) 



For instance in the four-dimensional case Tq V = 
g^[i/8(4n) 2 ] and Tf = g^A 2 [i/A(An) 2 ] in sharp 
cut-off regularization [39] whilst they are both 
zero in Dimensional Regularization. As for the ex- 
amples we presented earlier, it is immediate that 
A = B within our approach because summing and 
subtracting m 2 in the numerator of A leads to B. 
Whenever even powers of internal momenta ap- 
pear in the numerator, one can always make use 
of such artifice to avoid ambiguous symmetric in- 
tegration jioj]. As for Ai in equation ()14p one 
obtains within Implicit Regularization 



A IR _ ytw 
^1 1 Pv 



(32) 



In [2l| we demonstrate that momentum routing 
invariance in Feynman diagrams is connected to 
Abelian gauge invariance automatically by setting 
all surface terms T' s to zero in arbitrary loop or- 
der and calculate renormalization group functions 
within this approach. 

For the sake of completeness we draw a few re- 
marks regarding renormalization and generaliza- 
tion to arbitrary loop orders in four space-time di- 
mensions within this approach. To define a mass 
independent scheme we use the regularization in- 
dependent relation 



//„„(//>-) = Ii og (X 2 ) + b\n ( -- 



A 2 



(33) 



where A ^ plays the role of renormalization 
group scale (see 2JJ and references therein). After 
subtraction of sub divergences according to BPHZ 
formalism we may define the divergence of n th 
loop order in terms of basic divergent integrals 
for both massive and massless theories 26] in the 
form 



l log{ m ) 



which obeys 



1 



k (k 2 — m 2 ) 2 



ln r ' 



1 / (k 2 — m 2 ) 
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Likewise 

dI S( x2 ) _ (w-1) (w -i), 2 > b d {n) 
d\ 2 ~ A 2 l °s [A) + X 2 ' 

< }/ ^ 2 ) M ^D^ , ST b d „ (n) 
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After some algebra one can demonstrate that the 
parametrization below respects 
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where 
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and a\ are arbitrary constants. The surface 
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terms read 



1 ^ (2\° {n- 1)! _ r ( n ) FA 2 U 

2^UJ (^j)! To ""^ (A) + 



(39) 



Generalization to an arbitrary number of Lorentz 
indices is equally straightforward. 

3. Higgs decay into two photons 

In this section we will study the W loop con- 
tributions to the Higgs decay into two photons. 
Using the unitary gauge we have only three Feyn- 
man diagrams to evaluate (fig. [T]). Notice we are 
not choosing a specific routing for the diagrams 
since we want to study how the final amplitude 
depends on it. 

The sum of the three diagrams can be sympli- 
fied to the expression (the strategy is to group the 
terms of the integrand in order of M~ n and con- 
sider that the external photons are onshell p 2 = 
and pI+pI = M 2 ) 



define g» = k + Xi, H = & + Xi an d / = J (f^pr 






Figure 1: Diagrams with arbitrary momentum routing \ 



M (a) + M {b) + M (c) 
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r(3) 



M = ie 2 gM, 

+ (Pi ++P2,I* v), (40) 
g^(pi-P2) - (?2)m(Pi) 

5p(Pi)W5 + (Pi-ft)^ 

-{pi)M a iS-{p2)M a iS], (4i) 

M (b) = [ 3 { g ^ ~ Ak ^ kv l (42) 
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(43) 



r(3) 



1, fc 2 , /c^, k^k v 



(ql-Ml){ q l-MlM-Ml\ 
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As one may notice, only M^t and M$ contain 
divergent terms. At this point we must choose a 
regularization in order to deal properly with such 
terms. We employ IReg, which allows us to ex- 
press divergent integrals in terms of loop momenta 
only (for a review see 21] and references therein) . 
A characteristic of IReg is that all regularization- 
dependent objects (surface terms) can be consis- 
tently treated allowing a clear discussion about 
ambiguities as will be seen below. Explicitly they 
are given by 



d 



dk» (k 2 - M 2 ] 



(k 2 -M 2 ) 2 ~J {k 2 -Mlf 

k k 



k k 

" " . (45) 



Therefore the first term is 
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The first point to be noticed is that this term is 
gauge invariant and, in general, ambiguous since 
it depends on a surface term. Another feature is 
that it is proportionall to r° which furnishes us 
a clue that it may be the term missing on [!]. In 
fact, if one performs a symmetric regularization in 
four-dimensions (by replacing k fl k u — > g^k 2 /^) 
it will be null. In other words a 4-dimensional 
regularization that resorts to such substitution is 
evaluating the surface term to a precise value in 
this case i/32iT 2 . On the other hand, if one uses 
Dimensional Regularization the surface term will 
vanish which furnishes a non-null amplitude in 
the limit 0. In the framework of IReer 

there is no reason a priori to favour one of these 
two values since we are dealing with ambiguous 
objects in nature. From our perspective physical 
conditions, other than the regularization method, 
should constrain the value the surface term should 
assume. In general, one such condition is to im- 
pose gauge invariance, however, since this term is 
already gauge invariant, this consideration will 
not fix it. Therefore, we should leave it arbitrary 
and proceed with the calculation of the amplitude 
for now. The sum of the two last terms isj 



breaks gauge invariance. Since there are no other 
terms to consider, one should impose gauge invari- 
ance as a physical condition that the whole ampli- 
tude should fulfill. Thus the otherwise arbitrary 
surface term must assume a precise value which in 
our case is null. This choice also fixes the surface 
term appearing in f!46p since in the framework of 
IReg there is no distinction between surface terms 
coming from integrals with the same degree of di- 
vergence and the same Lorentz structure. This 



approach is different from the one found in |10 
where a cut-off scheme is used and it is claimed 
that the ambiguities can be parametrized by dif- 
ferent boundary conditions for the integrals ap- 
pearing in 



S3) and (H7|) . We show in | Appendix A 
that the surface terms (being given by differences 
between divergent integrals) have the same value 
regardless of the boundary chosen. 

After all these considerations we obtain the 
amplitude for the Higgs decay into two photons 
in the framework of IReg 
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Sr- 1 , 3(2r- 1 -r- 2 )/(r) 



+ Qfiuipi ■ P2) ^^j r o J- 

(47) 

Readily one may notice the appearance of an- 
other surface term due to M$ which explicitly 



2 We define r = 
3 Where we define 

arcsin (y'r) 



f(j) = 
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1 + vT 
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for t < 1 , 



for t > 1 . 



which agrees with previous one found in the liter- 
ature fQ. 

In the time this work was been written, an- 



other paper devoted to this decay appeared [41 



Their authors have a point of view similar to ours 
in the sense that ambiguities should be fixed on 
physical grounds 0. They use the equivalence the- 
orem as well as the conservation of charge as in- 
puts that their amplitude must fulfill. Since these 
are consequences of gauge invariance there is no 
surprise that just the imposition of such require- 
ment gives us an unambiguous result. 

Another interesting point discussed there is 
the role played by momentum routing freedom. 
From their point of view the loop-momentum of 



4 It should be emphasized that their definition of the 
ambiguity is more closely related to the one found in 42 1. 



We, on the other hand, define it by (j45J) which is more 
closely related to the preservation of Abelian gauge invari- 
ance 21 j 
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the three diagrams must be chosen in a particu- 
lar way as to reduce the superficial degree of di- 
vergence of the amplitude to a logarithmic one|§ 
However, from our point of view momentum rout- 
ing invariance (MRI) is a symmetry that must be 
respected since it is connected with Abelian gauge 
invariance as well as supersymmetry preservation 
The importance of this statement is partic- 
ular clear if, instead of considering the calcula- 
tion of the whole amplitude, one evaluates each 
diagram individually. Following the reasoning 
of |2l| one founds out that momentum routing 
dependent terms will arise always multiplied by 
arbitrary- valued objects (surface terms). There- 
fore, since individual diagrams are not supposed 
to be gauge invariant, the only symmetry left in 
order to fix the ambiguities is demanding mo- 
mentum routing invariance. As can be seen, we 
could have adopted this approach from the begin- 
ning of our work avoiding completely the discus- 
sion of gauge invariance (since the two symme- 
tries are connected it is not a surprise that the 
surface terms must be null in both cases). How- 
ever, in order to make contact with the literature 
we performed the calculation of the whole ampli- 
tude with the same routing for all three diagrams 
which evidently is not the more general situation. 
Therefore, it is not a surprise that our result is 
independent of the momentum routing Xi even 
though we still have an ambiguity expressed by 

r . 

4. Two photon scattering 

In this brief section we would like to comment 
on the result found on [14l ]. As in the case just 
analized, the problem lies on divergent integrals 
which appear as intermediate steps of the calcu- 



5 They find that all three diagrams must contain the 
same momentum routing. Therefore it is no surprise that 



our result before regularization (143)) contains at most loga- 
rithmic divergent integrals since we also adopted the same 
momentum routing for all three diagrams (xi). 



lation. Explicitly we have [15] 

m ±sr pa + 2m 2 (2S pupa - k 2 S pupa ) 



J^ivpa 



+ 



(k 2 — m 2 ) 
2^k v W + (k 2 ) 2 S pvpa - Ak 2 S pupu 



[k 2 — m 2 ) 4 



(49) 



where 



fiupa 



-g^g 9 * 



+ g^g ua + g 



y i 



S p 

S pvpa =g^k p k a + g pp k v k a + g txa k p k v + 



+ g pv k p k° + g au k p k p + g pa k p k v . 

As can be readily seen, the integral above is di- 
vergent, thus ambiguous. Such statement is par- 
ticularly clear in the framework of IReg since it is 



evaluated to (15 — 4Tq , }Si 1/pa where 15 is a sur- 
face term coming from an integral with Lorentz 
structure k Vl ---k Ui . Therefore, there is no pre- 
ferred value this integral should assume, it should 
be left arbitrary being fixed by the imposition of 
physical conditions. As discussed in [151 ] . a non- 
null value for A^ upa implies the breaking of gauge 
invariance which means the surface terms must 
obey Tq 2 '' = in order to respect such symme- 
try. Thus, there is no ambiguity left on the final 
amplitude which as expected a gree s with previous 



results found in the literature [151 ] - In summary, 
as in the case of [jjj], the authors of 14] performed 
a symmetric regularization on the integral above 
which in turn gaves a precise value to the sur- 
face terms (A^ = (i/9Qir 2 )S? upa ). Such choice 
resulted in a different cross section for the two 
photon scattering than the one found previously 



in the literature [ly, [17J • However, since the inte- 
gral is ambiguous in nature there is no reason to 
assume a precise value for the surface terms which 
must be fixed on physical grounds. 

5. Concluding remarks 

In this work we studied the decay of the Higgs 
boson into two photons as well as the two pho- 
ton scattering amplitude. Both processes must 
have only finite corrections since the photon does 
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not couple with the Higgs boson neither with it- 
self. However, in the intermediate steps of the 
calculation one may encounter divergent integrals 
and the issue of regularization is particularly im- 
portant in order to give a meaningful result. To 
discuss the ambiguities inherent in such process 
we used the framework of Implicit Regulariza- 
tion which can consistently separate the diver- 
gent, finite and ambiguous part of any integral. 
We found out that although the divergent parts 
cancel as expected there are some ambiguities left 
(parametrized as surface terms). These should 
not be fixed by the regularization scheme a pri- 
ori, but should be left arbitrary been determined 
by physical conditions. In the cases studied here, 
the condition used was the gauge invariance of 
the final result which univocally fixed the surface 
terms thus recovering the amplitude for the Higgs 
decay as well as the cross section of the two pho- 
ton scattering found previously in the literature. 
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Appendix A. The role played by the bound- 
aries on Cut-off regulariza- 
tion 

In this appendix we will study a toy integral 
using the Cut-off Regularization as well as the pa- 
rametrizations of Implicit Regularization. We will 
show that regularization dependent integrals (sur- 
face terms) are not connected with the arbitrary 
choice of boundary on the former method. 

For simplicity we will study two dimensional 



integrals in euclidean space 



x 2 ,xy : y 2 
' ' ! ' 7 ' ;// ' ~ ' "'' <iy (x 2 + y 2 + l) 2 ' 

1 



/.„„.,„ / dxdy 

— oo 
oo 

/ = / dxdy 



x 2 + y 2 + 1 ' 



(A.l) 



in analogy with 



oo oo 

d 2 k ,, k " k \^ , and / d 2 k 1 



{k 2 — m 2 ) 2 



k 2 — m 2 
(A.2) 



By introducing a cut-off A we can evaluate 
the former integrals as soon as a particular shape 
for the boundary is chosen. We begin imposing 
symmetric boundaries (a circle and a square re- 
spectively) which gives us: 

Circle 



7 xx = |[lii(l + A 2 )-l], 

lyy I xxi Ixy 0, 

/ = 7rln(l + A 2 ). 



(A.3) 



Square 



/ x:c = |[ln(l + A 2 )-l]+0.345, 

lyy ^ xxi Ixy 0) 

I = 7rln(l + A 2 ) + 0.691. 



(A.4) 



In analogy with the two dimensional surface 
term defined in IReg 



T ° " J (2vr 



d 2 k d k v 



) 2 dk^ 1 k 2 — m? 
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- 2 



k 2 — m 2 J (k 2 — m 2 ) 2 ' 

k k 



k^k u 



(A.5) 



we can see that the surface term for our toy inte- 
grals is given by SijI — 21^. Our first conclusion 
is that the surface term has the same non-null 
value for both boundaries. In other words, even 
if each boundary gives a different value for the 
integrals I xx and I their difference is the same. 
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Making contact with the parametrization intro- 
duced on section [2] one can immediately see that 
the Cut-off Regularization evaluates the arbitrary 



constant of /, 



log 



m 



to a value different to the 



one given to the arbitrary constant of I 



HP 
log 



m 



(for 



the circle these values are and it respectively). 

By using asymmetric boundaries (an ellipse 
and a rectangle respectively) we have: 

Ellipse with semiaxis a and b 

7i 

2 

Iyy 7^ Ixxi Ixy 7^ ^1 

I = 7rln(l + A 2 ) +g(a, b). 



J^ = -[ln(l + A 2 )-l]+/(a,6), 



(A.6) 



Rectangle with sides a and b 



£ Mi 



A ! )-l] +h(a,b), 



Iyy 7^ I%i Ixy 7^ 0) 

/ = 7T ln(l + A 2 ) + t(a, b). 



(A.7) 



In general one does not obtain the same coef- 
ficients for I xx and I yy which should be the case 



since I. 



fJbV 



Besides one also obtains that 



Ixy 7^ 0. The authors of [1QJ claim that a symmet- 
ric boundary should be used for I xy (which veri- 
fies I xy = 0) while the same asymmetric bound- 
ary should be chosen for I xx and I yy in such a 
way that I yy = I xx . In our particular example we 
could not find (for an ellipse and/or a rectangle) a 
set of nontrivial parameters (a ^ b) which verifies 
the above condition. 

Finally we would like to stress that such am- 
biguities are inherent of divergent integrals only, 
since by performing the same calculations for the 
finite integrals 



L xx, xy, yy 



dxdy- 



-00 
00 



dxdy- 



x 2 ,xy,y 2 
x 2 + y 2 + lf 1 

1 

x 2 + y 2 + l) 2, 



(A.8) 



one obtains the results below for any choice of 
the parameters a and b 

71 71 



Ixy = 0, I = 7T, 



which shows that the surface term given by I—AI X 
in analogy with 



1 -2 



d 2 k d 



(27t) 2 <%m (k 2 -m 2 ) 2 

,1* ^ f k ^ k u 



g> 



(k 2 — m 2 ) 2 J (k 2 — m 2 ) 3 ' 

k k 



(A.10) 



is always null. 
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